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Introduction

There are many families of polynomials in mathematics, and they often occur
naturally in pairs. The Fibonacci polynomials and the Lucas polynomials,
for example, are generated by the same recurrence relation but with different
starting values, and there are many identities that link the two families [1].
The same is true for the Chebyshev polynomials of the first and second kinds,
T, (z) and U, (z) [2], respectively. There are two further polynomial families
that are less well-known, the Chebyshev polynomials of the third and fourth
kinds, V,,(z) and W,,(z) [3], respectively. Each of the four kinds is an example
of an orthogonal polynomial family P,(x), where for some appropriate weight
function W (x), f_ll P,(x)P,(x)W (z)dx = 0 whenever n # m. The families
T,(z) and U,(z) in particular are ubiquitous in their mathematical uses,
in approximation theory, in differential equations, and in solving the Pell
equation, to name but three. There are also many connections between
T (x),Un(x), V,(x) and W,,(x), some of which are explored here, and some
of which we hope are new.

Chebyshev polynomials of the first, second,
third and fourth kinds

The polynomial family 7,,(z) can be found by writing cos(nf) as a polynomial
in cosf, and then replacing each cosf by z (in what follows, 6 is always
arccos(z)). We thus have T,,(cos ) = cos(nf), or T,,(xz) = cos(n(arccos(z))).
The early polynomials T,,(z) are given in Table 1 (the triangle given by the
coefficients is A028297 at [4]). These polynomials may also be defined by the
recurrence relation

Toi1(x) = 22T, (x) — T,—1(x), with To(x) =1,T1(z) = x.

The Chebyshev polynomials of the second kind (U, (z)) are generated by



Ty (x) x Up(x) 2x

Ty(z) 2% — 1 Us(x) 4% — 1

T5(x) 4a% — 3z Us(x) 8% — 4x

Ty(x) 8zt — 8z? + 1 Us(z) 162 — 122% + 1
Ts(x) 162° — 202° + bz Us(z) 322° — 322° + 6
Te(x) | 322° — 4827 + 1822 — 1 | Ug(x) | 642° — 802" + 242* — 1
Ty(x) | 642" — 1122° + 562° — Tz | Us(z) | 12827 — 1922° + 8023 — 8z

Table 1: Chebyshev polynomials of the first (7,,(z)) & second (U, (z)) kinds

the same recurrence, but with different starting values. We have
Upi1(z) = 22U, (x) — Up_1(x), with Up(x) =1,U;(x) = 2.

The initial U, (z) are given in Table 1 (the triangle given by the coefficients
is A133156 at [4]). There is a trigonometric link here too, since

sin((n + 1)0).

sin 6

Up(cosf) =

The Dirichlet kernel, D,,(6), is used in Fourier analysis, and is defined by

sin (2n—2|—1)0 n
2 k=1

This tells us that we can can express D, (6) as a polynomial in cosd. In a

(2n+1)6
cos =
similar way, 3 can also be written as a polynomial in cos@ (this is
COS 5
2
easily shown by induction). We define
(2n+1)8 . (2n41)6
cos sin
Vo(z) = —z and W,(z) = ——=— Z ,
cos 5 sin 3

where again 0 is arccos(z). These families are known as the Chebyshev
polynomials of the third and fourth kinds, respectively, and are once again
generated by the same recurrence as T),(x) and U,(x), but with different
starting values (this is easily shown by induction). We have

Vir1(x) =22V, (z) — Vo1 (z),  with  Vo(z) = 1, Vi(z) = 22 — 1,
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Wi (x) = 2aW,(z) — W1 (2),

The polynomial family V,,(z) starts as in Table 2 (the triangle given by the
coefficients is A228565 at [4]), while the polynomials W, (z) begin as in Table

with Wy(z) =1, Wi(z) =2z + 1.

3 (the triangle given by the coefficients is A180870 at [4]).  Exploration
Vo(x) 1
Vi(x) 2r — 1
Va(z) 4 — 2x — 1
V3(x) 8% — 4x? —dr + 1
Vi(z) 162" — 823 — 122 + 4w + 1
Vs(x) 32x° — 162" — 3223 + 122% + 62 — 1
Ve(x) 642° — 322° — 80x* + 3227 + 242 — 62 — 1
Vo(z) | 12827 — 642°% — 1922° + 802" + 8023 — 242° — 8z + 1

Table 2: Chebyshev polynomials of the third kind, V,,(x)

W()(ZL') 1

Wi (x) 2z + 1

Wa(x) 4% + 27 — 1

W3 (z) 8% +4x? — 4w — 1

Wy(x) 162" + 823 — 122 — 4w + 1

Ws(x) 322° + 1621 — 3227 — 122% + 62 + 1

We(x) 642° + 322° — 80x* — 3223 + 242* + 62 — 1
Wo(x) | 12827 + 642° — 1922° — 802 + 80x? + 242% — 8x — 1

Table 3: Chebyshev polynomials of the fourth kind, W, (x)

reveals several simple identities connecting these families, for example,

) . . (2n+1)0 0

sin((n+1)0) sin(nf)  2sin-=—5—-cosg
Un Unf = N N = = ”’n y
(z) + 1(7) sin @ + sin 0 2sin g cos g (%)

while similarly

T,(z) = = )

and
Wn_1 (33)

Un(z) = Un—1(x) = Vi(2),
V() + Vioi(z)  Wy(x) —

and
2 2




Un(z) =
(2) '
We also have
Un(z) = Vi(x), Walz) =2 Ty(x) -1
0 0
Additionally
COS (2n—2&-1)9 Sin(g . (271—2}-1)0)
Vol = _ -
cos 5 sin(§ — 3)
(2n+1)(7w—0)
sin(nm + ) .
- T—0 : = (_1) Wn(_m)a
Slﬂ(T)
since if arccos(y) = m — arccos(z), then y = —z. Immediately from this, we
have

Wi () = (=1)"Va(=2).

A notation for recurrence relations

A recurrence relation may be represented in more than one way. Let x,y, f(x,y),...

represent the sequence of numbers generated by the order-2 recurrence rela-
tion
Upr1 = f(Up_1,u,) for m>1, where ug=x,u =y.

For simplicity, we will say that that z,y, f(z,y), ... is synonymous with this
recurrence and the sequence it generates. The infinite sequence ug, uq, us, . . .
will be written as (u,). We call f(z,y) the recurrence function.

One particular recurrence
Consider the sequence
coth 0, coth ¢, coth(6 — ¢), coth(2¢ — 0), coth(26 — 3¢), . ...

or
coth ug, coth uy, coth us, coth us, cothuy, . . ..



where ;11 = u,_1 — u, for all n > 1, with ug = 0, u; = ¢. Given that

coth ¢ cothf — 1
coth¢ — cothf ’

coth(6 — ¢) =

ry — 1

this sequence is the recurrence x,y, J , ... with x = coth @,y = coth ¢.
—x

We will now place the function coth to one side, and concentrate on this

recurrence to which it gives rise.

zy — 1

If (u,) is the recurrence z,v, ..., with # = wug,y = wuy, then
we define an H-sequence to be [u,,uyi1,...,us], where 0 < r < s. If
Upy Upy1, - - -, Us are all integers, we call this an integer H-sequence. (The

‘H’ stands for ‘Hikorski’ — see [5]). It is easily checked that [2,3,5,7,17] is an
integer H-sequence. The question arises, what is the longest possible integer
H-sequence? Some work on the computer shows that integer H-sequences
are almost exclusively of length 2, 3 and 4, and in being of length 5, the
H-sequence [2,3,5,7,17] is the anomaly rather than the rule.

Conjecture: With the exception of [2,3,5,7,17], no integer H-sequence
contains more than four elements.

This remains open at the time of writing. It is easy to verify that
[n,2n —1,2n + 1,20 — 1]

will always be an H-sequence — let us call H-sequences of this type basic H -
sequences. Can the term before or the term after a basic integer H-sequence
ever be an integer here, thus giving a quintet akin to [2,3,5,7,17] 7 It is easy
to prove it cannot for n > 2 ([5], page 187). Not all H-sequences, however,
are basic — Table 4 gives a list of the smallest non-basic H-sequences with
four elements such that terms are positive and increasing.

Searching for the integers in the first and fourth rows within the Online
Encyclopedia of Integer Sequences [4] is revealing. There is clearly an in-
timate connection (see Table 5) with the number triangle associated with
T, (z), the Chebyshev polynomials of the first kind (the sequence at OEIS is
A101124). Can we clarify this link?



up || 7 | 17126 31 | 49 | 71 | 97 | 97 | 99 | 127 | 161 | 199

wp || 11129 |41 ] 55 | 89 | 131 | 153 | 181 | 169 | 239 | 305 | 379

ug || 19 | 41 | 71| 71 | 109 | 155 | 265 | 209 | 239 | 271 | 341 | 419

us || 26 | 99 | 97 | 244 | 485 | 846 | 362 | 1351 | 577 | 2024 | 2889 | 3970

Table 4: Early H-sequences, increasing with all terms positive

0 1 2 3 4 5 6 7 8 9
1 1 1 1 1 1 1 1 1
0 2 4 5 6 7

7 17 31 49 71| 97

26 99 244 | 485 | 846
97 7T 1921 | 4801
362 | 3363 | 15124
1351 | 19601
2042

1
—_

Ol = O
= = = =] = =] = = =

8
@OO\]CTJOT%OJI\DP—‘O:
« 1
I
—

o= O

Table 5: The start of the triangle of values given by T, (x), with n,z, >
O,n+x<9

Connecting the Chebyshev polynomials

It is easily checked that if [j, a,b, k] is an H-sequence, then

1 11 11 111
—j, —a,—b,—k], |=.a, >~ gy -
[ ]’ a? ) ]7 {j’aWb?k]? {J7a7b’ }7 {j’a’ ’k’}

1
pa+ is the first term

are too. We can also check straightforwardly that if

of an H-sequence, and if p is the second, then the next two terms are ¢ and



pq—1

, giving us the H-sequence

q_
pq+1 pg—1
p+q’ T g-p
1 -1
What happens now if we put j = g+ k= e here? This yields
P+q q—7p
kIR ke VPR
or
k+1—+/(1—752)(1—Fk? k—1—+/(1—752)(1—Fk?
b VAP -R) va-20-k)

Jj+k

and so the quartets

k—j

and

)

are H-sequences. (These quartets a

k1A= 20— k) jk— 14 /(1= 21— k) .

j’ . ) . bl
j+k k—j ]

k1= U PR 1= O B0 -R) |
j+k ’ k—j |

11
re of the form [j, a, b, k] and {j, pEN k

)

The expression /(1 — 52)(1 — k2) strongly suggests a trigonometrical substi-

tution. If we put
j = cos(nb),

into (2), then

k = cos((n+ 1)0) (3)

cos(nd) cos((n + 1)0) — sin(nf) sin((n + 1)0) + 1

p:jk+1—\ﬂl—ﬂX1—W):

Jt+k cos(nf) + cos((n + 1)0)
cos((2n +1)0) +1 2 cos? 21110 cos 241 V()
— _ _ Vi
2 cos g cos w 2 cos g cos w cos g
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Similarly

= jk—1—4/(1 —.j2)(1 —k?)  cos(nB) cos((n + 1)0) — sin(nd) sin((n 4 1)0) — 1

k=i cos((n + 1)8) — cos(nd)

cos((2n +1)0) — 1 —9gin2 (2n-2H)6 sin (%;1)9 _—

- - = = Wy(x).
—2sin £ sin w —2sin £ sin _(2"‘2“)9 sin 2

We have now that [T),(x), V,,(z), W,(z), Th+1(x)] is an H-sequence for all n
and x, and if x is an integer, then it will be an integer H-sequence. We thus
have

T (z)V,(z) — 1
Va(r) — T, () ’

- Va(z)W(z) —1
and T,.q(x) = Wolz) = Va(a) for n>0.

W(z) =

We hope these pleasingly symmetric identities are new. Substituting (3) into
1 1

Va(z)’ W7Tn+1($) is also an H-sequence for all

(1) gives that [Tn(x),

n and x.

Related infinite sequences
Now consider the infinite sequence
Tl(‘r)a %(QZ‘), W1($)7 TQ('I)7 ‘/Q(x)u WQ(I‘), T3<.T>, ‘/3('%)7 teee

ry — 1

Let us call this sequence S(z). If f(z,y) = , then we know from our

work above that
f(T(2), Va(x)) = Wa(z), and  f(Va(x), Wi(z)) = T (),

but, as it transpires,

FWa(), Toga () # Vaga ().

Can we find a recurrence function g(z, y) so that g(W,(x), T,41(2)) = Vipa(x)?
azy + b’ + cy? +dr +ey + f L
en

pry + qr? +ry? + s+ ty +u’

If we assume that g(z,y) is of the form



experimenting with the help of a computer algebra package swiftly shows

xy 4+ 2y% — 1
that g(z,y) = y—|—+ (a proof is given in [5], page 195).
rry
-1
So suppose we take the recurrences z, y, f(x,y) = 2y ,...and x,y, g(z,y) =
y—T

xy —2y° +1 S ,

L, .... Starting with x and y as our first two terms, we can iterate
y—2x

‘f twice then g once’. If we note that x = Tj(z), and substitute for y the

expression 2o — 1 = Vi (z), we then have the sequence S(x), namely

z,20—1, 2041, 22° =1, 40% =22 —1, 42° 4+ 22— 1, 42° -3z, 8x® —4a® —4x+1, . . .,

Suppose we do not substitute 2z — 1 for y; the sequence (let’s call it (uy,))

1S NOwW
vy—1 x(y*+1) -2y 22 +y(y? —3)

y—x 2oy—y:—-1" 2z0y—9y2—-1"
20 — ay(y? +3) + 3y — 1 4a® — 8z2%y + x(y* + 63> — 3) —4y(y? — 1)

(z—y) ey —y>—1) (2zy —y? — 1)?
If we consider (uggi2), putting p = wus,q = us, f(p,q) = us, then it can be
shown that p, q, f(p, q), - .. forms a recurrence relation (we could call this the
Composition Technique - see [5], page 30). In this case, eliminating = and y

3
-2
gives f(p,q) = M, ..., which yields
pg—1
Vi(2)? = 2V, (x) + Vg ()
Vo(2)Vyoi(z) — 1

The same technique on (ugy) yields
Wo(x)3 = 2W, () — W,_1(2)

z,Y,

Vg1 (z) =

Jo() =1, Vi(z) =2z —1.  (4)

Wii(x) = Wo(x) =1, Wi(z) =2z + 1. (5)

A generalisation

At (3) we chose j = cos(nf),k = cos((n + 1)8). There is a generalisation
we can make here; choosing j = cos(abf), k = cos((a + 1)bf) yields the H-
sequence
(2a+1)b0 . (2a+1)b0
5 sin =5
, ,cos((a+1)b0)| .
coS b2—9 sin % (( )50)

COS

cos(abb),
We consider two cases here, as b is even or odd.
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Case 1: b= 2c

Here we have the H-sequence

cos((2a + 1)cf) sin((2a + 1)ch)
cos(ch) sin(ch)

{cos(QacG), ,cos(2(a + 1)09)1 :
which is T () U ()
(2a+1)c\T (2a+1)c—1\T
; s Taarnye() | -
e S D)

Rayes, Trevisan, and Wang [6] have shown that T,,(2)|Tk,(z) and U, (2)|Uke—1 ()
for all n, k, ¢ € N, so these are all integer polynomials. In particular for ¢ = 1
we have the H-sequence

[T2ac<x>,

Tous1(x
|:T2a<x>? %()7 UQa(x)a T2(a+1) (x)l :
We can now consider the infinite sequence

Tl(x),Uo(fL‘),TQ(ZL‘), T3<x)

(v0) = Tofa), = ;

7U2(x)7T4(:L‘)7 ceee
Applying the Composition Technique to the sequence (vsgi1), k = 0, gives

@ —2q+p
p7Q’—7""
pq—1

We thus have the connection between the polynomials T (z) for k odd,

Ton—1(x)* — 222 Toy_1 () + 2Ty —3(2)
Ty 1Toy—g — 22

T2n+1($) =

The same technique applied to (vsr42) gives a connection between the poly-
nomials Uy(x) for k even,

U (7)3 — 2Us, () — Ugn,g(x).

Uan2() = Uy Usp—g + 1

The similarity of these two recurrences to (4) and (5) is notable.
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Case 2: b=2c+1

Here we have the H-sequence

(20+1)(2c41)0 o (20+1)(2e+1)0

si
(2642rl)9 ’ . (2c42r1)9 ;cos((a +1)(2¢ +1)0)
sin <=5

COS

[cos((Qc + 1)ab),

COS

Dividing the second term here top and bottom by cos g, and dividing the
0

third term top and bottom by sin 3, this becomes
‘/Zac+a+c($) WZac—l—a—i—c(x)
Ve(x) 7 Welx)

{T(Qcﬂ)a(x)’ ) T(a+1)(2c+1) (x)} .

This suggests that
‘/c(x)‘%ac+a+c(x)7 Wc<x>|W2ac+a+c<x>7 a,c e N.

Experimenting with small values of a and ¢ supports this. It is hoped that the
divisibility properties of the Chebyshev polynomials of the third and fourth
kinds might form the basis of future research.

Conclusion

The polynomial families 7,,(x) and U,(x) are well-known, and their inter-
relationships have been thoroughly explored. The polynomial families V,,(x)
and W, (x) are, it would seem, less well-known; the OEIS [4] does not appear
to contain any related sequences except for those contributed by the author.
It’s hoped the identities given here will encourage further exploration, and
that in the future the polynomial families V,,(x) and W,,(x) might accumulate
a wider significance.
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