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Abstract

The arithmetic, geometric and harmonic means of two natural numbers may
or may not be integers. When are all three averages integers together?



What exactly do we mean by the average of two numbers? There are
several candidates for this title. The other day, I was trying to explain on

paper how the arithmetic, geometric and harmonic means are defined. As
Tr+y

a reminder, the AM of two positive numbers x and y is , the GM is
2

7y, and the HM is fLy . It’s worth noting that AM x HM = GM?, and
rry

also that AM > GM > HM, with equality holding if and only if z = y (a
visual demonstration of this can be found at [2]). I picked a pair of values
without much thought to make the AM a natural number, and then noticed
that my choice made the GM a natural number too. The HM, it turned
out, was NOT a whole number here, but the seed of a question had been
planted; which pairs of natural numbers (z,y) have an AM, a GM and an
HM that are all natural numbers?

It’s not hard to find natural numbers that satisfy this condition; if (z,y) =
(45,5), for example, then

AM =25,GM =15, HM = 9.

Clearly if z and y are the same natural number, then the three averages
will all be this natural number. We are looking for a parametrisation for x and
y that gives all possible solutions, rather in the way that the parametrisation
for Pythagorean Triples gives all possible primitive PT's (if z>+y? = 22, where
ged(z,y,2) = 1 and where z is even, then we have x = 2mn,y = m? — n?,
and z = m? + n?, where m and n are natural numbers with m > n of op-
posite parity, with no common factor. This parametrisation is derived at [1]).
Ty =a, /Ty = b, and 22y

r+y
¢ are natural numbers, so b = ac. We will also say that 2 > y without loss
of generality, since we’'ve dealt with the case z = y.

Let’s start by saying = ¢,, where a, b and

Then x +y = 2a and zy = b?, so y = 2a — x, and z(2a — x) = b*>. This
yields
22 — 2ax + b* = 0.
Solving for x we have x = a + va? — b,y = a — Va? — b?, and for these

to be integers, a®> — b? = d?, for some natural number d.



¢+ +4d?

Substituting for b2, we have a®>—ac—d? = 0, which gives a = 5

Once again, for this to be an integer, ¢? 4 4d* = €2, for some natural
number e.

Let ged(e,d) = f. Thisyields ¢ = fp,d = fq,e = fr, where ged(p, q) = 1,
and so p? + (2¢)? = 2. Maybe now we can use the parametrisation of PT's
outlined above...

There are two cases to consider. Firstly, if p is odd (and so r is odd), we
can write p = u? —v%, ¢ = uv,r = u?® +v? (where v and v are coprime and of
opposite parity) and so

c= f(u* —v?),d = fuv,e = f(u* +0v?).
So substituting back, a = fu?,b = fuy/(u? —v?), and
= fu?+ fuv = fu(u+v),y = fu(u —v).

For b to be an integer, u? — v? = k2, for some integer k, or u? = v? + k?

(note that k£ must be odd, since u and v are of opposite parity).

Once again using our PT' parametrisation, we can put
uw=m?>+n’k=m?*—n?v=2mn

for coprime integers m,n that are of opposite parity. So we have the partial
parametrisation

z = f(m?+n®)(m+n)*y = f(m® +n?)(m —n)*.

Now for the second case, which is that p is even, which means ¢ is odd
(since ged(p, q) = 1), and r is even.

Let’s put p = 2s,7 = 2t, which gives that s? + ¢ = t2. Since ¢ is odd, s
is even, since if s and p are both odd, t> = 2 (mod 4), which is impossible.
We can now say

s =2uv,q=u’— v’ t=u®+ 1%



where u and v are coprime integers of opposite parity.

This gives us ¢ = 2fs,d = fq,e = 2ft, and so ¢ = 4uvf, and d =
fu? —v?). So

e=2f(u*+v%),a= flu+v)%b= Va2 —d? = 2f(u+ v)yuv,

r=a+d=2uf(u+v),y=2vf(u+v).

Thus for b to be an integer, we need uv = k2. But we know that
ged(u,v) = 1, and so for this to be true, we must have u = m? v = n?

where m and n are coprime integers.

So finally we have the second half of the parametrisation, which is
x = 2f(m* +n*)m? y = 2f(m* + n®)n>.

We have shown that any parametrisation that meets our conditions must
be of these forms; it remains to check that our two formulations do in fact
give three integer averages, and they do.

There are some maths problems that seem to set out to wilfully make
life difficult for you, while others seem to fall over themselves to be obliging.
I would say that this question is one of the second type - the way that re-
peatedly using the PT formula proves so profitable, and the way the facts
concerning coprimeness work so neatly to our advantage, is pleasing. How
many of these (x,y) pairs are there? A computer search reveals that there
are b8 (x,y) pairs with 1000 > = > y.
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