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ABC-triangles

JONNY GRIFFITHS

If we talk aboutthecentreof a triangle,whatmight we bereferringto?
Any trianglehasmanydifferent points thatcould regardedas its centre;in
fact, Encyclopedia of Triangle Centres lists over70 000possibilities. Three
of the most famouscentres,that every trianglewill possess(althoughthey
may coincide),are the incentre(wherethe threeanglebisectorsmeet),the
centroid (where the three mediansmeet) and the orthocentre(where the
threealtitudesmeet).Proofsthatthese centresarewell-definedandexist for
everytrianglearesimpleandsatisfying,goodexamplesof reasoning(if we
areteachers)for our students.Provingthe threealtitudesof a triangleshare
a point usingthe scalarproductof vectorsis a wonderfuldemonstrationof
the power of this idea.

One day it occurredto me to ask: what happensif we try to do a
mathematicalmash-upof thesethreecentres?Are theretriangleswherean
altitudefrom , an anglebisectorfrom , anda medianfrom , all meet?
This certainly doesn'talways happen,but sometimesdoes (think of the
equilateraltriangle).Maybewe could call sucha trianglean ABC-triangle
(the Altitude is through , the angleBisector is through , and the line-
through-the-Centroid(the median) is through ). Playing with Geogebra
suggeststhat thereis a family of suchABC-trianglesto explore. Below, in
Figure 1, is an example that is not equilateral.
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FIGURE 1

Have such triangles been examined before? Searchingon https://
math.stackexchange.com[1] for ‘altitude, median,anglebisector’confirms
they have,but in the hopethat I havesomethingfresh to add, the story of
my exploration continues.
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Let'stakea stepbackbeforelaunchinginto calculations.Whatquestions
doesthis situationsummonup?Theseare the questionsthat I find myself
asking:

• ABC-triangles are special in some way; what makes them special? 
• Are there any other isosceles triangles beyond the equilateral one that are ABC?
• Are there any right-angled triangles that are ABC? 
• Are there any integer triangles that are ABC? 
• Could a triangle have two distinct ABC centres?  
• Can we say anything about obtuse-angled ABC-triangles? 
• Might ABC-trianglesappearin pairs?Could an ABC-triangle have a

dual?

Firstly, we can seethat for any triangle, acuteor obtuse,the median
from onecornermustmeetthe anglebisectorof anothersomewhereinside
the triangle. 
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FIGURE 2

For this to be anABC-triangle, the line from through this meeting
point mustbeat right anglesto . So thereis just onesimpleconditionto
be met;thetriangleis goingto bespecialvia a singleequation.Additionally
theABC-centreof a triangle,if it exists,mustbe inside thetriangle(this is
not true for the orthocentre). 
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Vectorswerea niceway to investigatethecoincidenceof thealtitudes;
they are a help here too, in Figure 3, with some careful re-labelling.

Notethatif or is obtuse, thenthealtitudefrom will lie outsidethe
triangle (exceptfor the point ), and thusno ABC-centrecan exist. Note
also that the magnitude of the vector  in what follows is just given as .
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FIGURE 3

The first two equationsgive . Equatingthe

coefficients of and then the coefficients of yields ,

.  Thus . Now 
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The implication works both ways, so this is the necessaryand sufficient
condition we seek; will be an ABC-triangle if, and only if,

 − a clean and simple result.
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Using the cosine rule in the triangle  above,ABC
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This becomes

ab2
+ cb2

+ a2c = a3
+ ac2

+ c3
.

We might call any integertriples that satisfy this equation‘ABC-
triples’. Clearly if satisfiestheequation,then doesalso,
so it makes sense to search for primitive ABC-triples, where .

(a, b, c)
(a, b, c) (ka, kb, kc)

gcd(a, b, c) = 1
A computersearchrevealsthat such triples are (understandably)rarer

than solutionsto (Pythagoreantriples); thefirst threeseemto
be (15, 13, 12) and (308, 277, 35) and (3193, 26447, 26598). We can
conjecturethatthereareinfinitely manysuchprimitive ABC-triples,but that
feels hard to prove.

a2 + b2 = c2

Investigating isosceles triangles reveals straightforwardly that the
equilateraltriangle is the only ABC-triangle amongstthem. Right-angled
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trianglesprovea little moreinteresting.It is easyto seethat if we aregiven
a right-angledABC-triangle,then hasto be the right-angle(otherwisethe
altitude does not cross the triangle).
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FIGURE 4

Now . Thus

, andthe threesidesare or somemultiple of this. Sothere

is in effect just one right-angledtriangle thatis an ABC one,and its sides
are in geometric progression.
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Thereis a relevantquestionfrom the4th All-Soviet Union Mathematics
Competition[1]. With our labelling,we areaskedto showthat if is an
acute-angledtrianglethen . This resultis true,but ourwork on
right-angled ABC-triangles suggestsit is not sharp. In fact we have

 as the sharp result.

ABC
∠ABC > 45°

∠ABC > arccos( 1
φ) = 51.827… °

Onceagain,for anobtuseABC-triangle, mustbe theobtuseanglefor
the altitude to cross the triangle, as in Figure 5.
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FIGURE 5

Now , and , and so .

This result is also true but not sharp; the sharp version is .
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B < 60°

B < 51.827… °

Coulda non-equilateraltriangle be anABC-trianglewhile (or
someother permutationof , and ) is too? Perhapswith a different
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centre?That could mean,as apossible example,both and

.
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So  and .b2
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− 2

a2c
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a2
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+ c2

− 2
b2c

b + c
Using a computer algebra package to solve these (and the other
permutations)togethergivesa = b = c asthe only solution.So no, it seems
thata non-equilateraltrianglecannotbeABC in two differentwaysat once.

We can notice this (using Geogebra once more).
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FIGURE 6

Startwith a line segment , of length . Draw aperpendicularto
through , and pick anypoint on this perpendicular.Now join to .
Draw acircle centre radius , andsupposethis circle cuts at (this is
always possible, since ). Then is an ABC-triangle, since

.
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Similarly, if wedrawacircle centre , radius , then if this circle cuts

 at , we have another ABC-triangle, namely , as in Figure 7.
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FIGURE 7

Adding theacuteanglesat and gives , so it makessenseto call
thesedual ABC-triangles;the dual of the dual is the original. Thesetwo
triangles never overlap, since .

B B′ 90°

BC + B′C > BB′
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We might askif thetriangle is everanABC-triangle;playingwith
Geogebra suggests it sometimes is (see Figure 8).
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 FIGURE 8

If we pick , thenwe canfind in turn (in termsof ) , , , ,
, , and . A computeralgebrapackagewill be neededfor

this. In fact, we can find angle eitherby using our

condition, or by using the cosine rule in .

a = 1 c a′ cosB b c′
2d cosB′ b′ cosA′AC

A′AC cosB =
a

a + c
△A′AC

Equatingthese,we find that either , or is about0.295.We can
find the other sides and angles from this.

c = 0 c
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