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If we talk aboutthe centreof atriangle,whatmight we bereferringto?
Any triangle hasmanydifferent points that could regardedas its centre;in
fact, Encyclopedia of Triangle Centres lists over 70 000possibilities. Three
of the mostfamouscentres that everytriangle will possesgalthoughthey
may coincide), are the incentre(wherethe threeangle bisectorsmeet),the
centroid (where the three mediansmeet) and the orthocentre(where the
threealtitudesmeet).Proofsthatthese centrearewell-definedandexistfor
everytriangleare simple andsatisfying,goodexamplesof reasoning(if we
areteachersfor our studentsProvingthe threealtitudesof a triangleshare
a point usingthe scalarproductof vectorsis a wonderfuldemonstratiorof
the power of this idea.

One day it occurredto me to ask: what happensif we try to do a
mathematicamash-upof thesethreecentres?Are theretriangleswherean
altitudefrom A, an anglebisectorfrom B, and a medianfrom C, all meet?
This certainly doesn'talways happen,but sometimesdoes (think of the
equilateraltriangle). Maybe we could call sucha triangle an ABC-triangle
(the Altitude is through A, the angle Bisector isthrough B, and the line-
through-the-Centroidthe median)is through C). Playing with Geogebra
suggestshatthereis a family of suchABC-trianglesto explore. Below, in
Figure 1, is an example that is not equilateral.

54

C
FIGURE 1

Have such triangles been examined before? Searchingon https://
math.stackexchange.cdny for ‘altitude, median,anglebisector’ confirms
they have,but in the hopethat| havesomethingfreshto add, the story of
my exploration continues.
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Let'stakea stepbackbeforelaunchinginto calculationsWhatquestions
doesthis situationsummonup? Theseare the questionsthat | find myself
asking:

« ABC-triangles are special in some way; what makes them special?
» Are there any other isosceles triangles beyond the equilateral one that are ABC?
« Are there any right-angled triangles that are ABC?
« Are there any integer triangles that are ABC?
e Could a triangle have two distinct ABC centres?
e Can we say anything about obtuse-angled ABC-triangles?
* Might ABC-trianglesappearin pairs? Could an ABC-triangle have a
dual?

Firstly, we can seethat for any triangle, acuteor obtuse,the median
from one cornermustmeetthe anglebisectorof anothersomewherénside

the triangle.
A
‘ B
C

FIGURE 2

For this to be anABC-triangle, the line from A throughthis meeting
point mustbe at right anglesto BC. Sothereis just onesimple conditionto
be metithetriangleis goingto be specialvia a singleequation Additionally
the ABC-centreof atriangle,if it exists,mustbeinside thetriangle (this is
not true for the orthocentre).

Vectorswerea nice way to investigatethe coincidenceof the altitudes;
they are a help here too, in Figure 3, with some careful re-labelling.

Notethatif Bor C is obtuse, themthe altitudefrom Awill lie outsidethe
triangle (exceptfor the point A), and thusno ABC-centrecan exist. Note
also that the magnitude of the vecédn what follows is just given a&

We have thatl =ﬂ(g+g) andd =/1a+(1—/1)g andd - c).a = 0.
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Cc’a
FIGURE 3
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The first two equationsgive ga + %C = la +

c. Equatingthe

coefficients of a and thenthe coefficients of c yields u = Zaaz o
2= —° Thusd = a + c. Now
2a+ cC 2a+cC 2a+ cC

2 2

ac a‘ccosB a
+ =accosB= coB=——.

2a+c 2a+c a+c

The implication works both ways, so this is the necessaryand sufficient
condition we seek; ABC will be an ABC-triangle if, and only if,

(d-ca=0=ad=ac=

cosB =

<" a clean and simple result.
+

Using the cosine rule in the triangh8C above,

b’ = a® + ¢ - 2accosB = b* = a® + ¢ -
This becomes
ab® + cb® + a’c = a + ac® + .
We might call any integertriples (a, b, ¢) that satisfy this equation‘ABC-
triples’. Clearlyif (a, b, c) satisfiesthe equation then(ka, kb, kc) doesalso,
so it makes sense to search for primitive ABC-triples, whedéa, b, c) = 1.
A computersearchrevealsthat suchtriples are (understandablyjarer
than solutiongo a® + b?> = ¢ (Pythagoreatriples); thefirst threeseemto
be (15, 13, 12) and (308, 277, 35) and (3193, 26447, 26598). We can
conjecturehatthereareinfinitely manysuchprimitive ABC-triples, butthat
feels hard to prove.

Investigating isosceles triangles reveals straightforwardly that the
equilateraltriangle is the only ABC-triangle amongstthem. Right-angled
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trianglesprovea little moreinteresting It is easyto seethatif we aregiven
aright-angledABC-triangle,then A hasto be the right-angle(otherwisethe
altitude does not cross the triangle).

C
a
b
A B
c
FIGURE 4
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Now cosB = =—:>ac+02:>(—)———1=0.Thus
a+c a a c

g = ¢, andthethreesidesare(1, NG ¢) or somemultiple of this. Sothere

is in effectjust oneright-angledtriangle thatis an ABC one,andits sides
are in geometric progression.

Thereis arelevantquestionfrom the 4th All-Soviet Union Mathematics
Competition[1]. With our labelling, we areaskedto showthatif ABC is an
acute-angledrianglethen ZABC > 45°. This resultis true, but ourwork on
right-angled ABC-triangles suggestsit is not sharp. In fact we have

ZABC > arccos(%) = 51.827... ° as the sharp result.

Onceagain,for an obtuseABC-triangle, A mustbe the obtuseanglefor
the altitude to cross the triangle, as in Figure 5.

A
iB
iB
B 2 c
FIGURE5
a a 1
Now ¢ < a, andcosB = —— > = —, and so B < 60°.
a+ a 2

a+c
This result is also true but not sharp; the sharp versiBn«is51827.. °.

Coulda non-equilateratriangle ABC be anABC-trianglewhile BAC (or
someother permutatiorof A B and C)is too? Perhapswith a different
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centre?That could mean,as apossible exampleyoth cosB = and

+ C
COSA =

b+c
2

Sob® =&+ -2

2 2

8C ande® = B2+ & - 225,
a+c b+c
Using a computer algebra package to solve these (and the other
permutations}ogethergivesa =b = ¢ asthe only solution.So no, it seems
thata non-equilateratrianglecannotbe ABC in two differentwaysat once.

We can notice this (usingeogebra once more).
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FIGURE 6

Startwith a line segmentBC, of lengtha. Draw aperpendiculato BC
throughc, and pick anypoint B" on this perpendicularNow join B’ to B.
Draw acircle centreB’ radiusa, andsupposehis circle cuts BB at A (this is
always possible,since a < BB). Then ABC is an ABC-triangle, since

CcosSB =

a+c
Similarly, if we drawacircle centreB, radiusB’C, then ifthis circle cuts
BB’ atE, we have another ABC-triangle, namélg’C, as in Figure 7.
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FIGURE 7

Adding the acuteanglesat B and B’ gives90°, soit makessensdo call
thesedual ABC-triangles;the dual of the dual is the original. Thesetwo
triangles never overlap, sin8€ + BC > BB.
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We mightaskif thetriangleAA’C is everan ABC-triangle;playingwith
Geogebra suggests it sometimes is (see Figure 8).
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FIGURE 8

If we picka = 1, thenwe canfind in turn (in termsof ¢) &, cosB, b, ¢/,
2d, cosB’, b’ andcosA’AC. A computeralgebrapackagewill be neededor

this. In fact, we canfind angle AAC eitherby using our cosB =

a+c
condition, or by using the cosine ruleAWAC.

Equatingthese,we find that eitherc = 0, or c is about0.295.We can
find the other sides and angles from this.
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